Abstract. Decoherence effect on quantum entanglement of two optical qubits in a lossy cavity interacting with a nonlinear medium (Kerr nonlinearity) is analyzed. The qubits are assumed to be initially in the maximally entangled states (Bell or Belllike states) or the maximally entangled mixed states, on the example of Werner and Werner-like states. Two kinds of measures of the entanglement are considered: the concurrence to describe a decay of the entanglement of formation of the qubits, and the negativity to determine a decay of an upper bound of the entanglement of distillation. It is observed that the Kerr nonlinearity does not affect the entanglement of the qubits initially in the Bell or Werner states, although the evolution of the qubits can depend on this nonlinearity explicitly. However, it is shown that for the initial Bell-like state and the corresponding Werner-like state, the loss of entanglement can be periodically reduced by inserting the Kerr nonlinearity in the lossy cavity.
Introduction
Decoherence, resulting from the unavoidable and irreversible coupling of a quantum system to its environment, turns a correlated quantum state of the system into a classical statistical mixture [1] . Decoherence, causing usually a loss of quantum entanglement, is one of the major limitations of practical capabilities of quantum computers [2] . Thus, analysis of dynamics of entangled quantum two-level systems (qubits) coupled to the environment, represented by a thermal reservoir, is of a particular importance. In this paper, we will study the loss of the entanglement due to a dissipative nonlinear interaction of two optical qubits, which are implemented by superpositions of vacuum and single-photon states of two cavity modes, and assumed to be initially in the maximally entangled states (MESs) or the maximally entangled mixed states (MEMSs).
Our analysis is related to a new regime of quantum nonlinear optics involving highly-efficient nonlinear interactions between very weak optical fields, which has been recently demonstrated experimentally in, e.g., dense atomic media by using an electromagnetically induced transparency (EIT) to resonantly enhance nonlinearities (for a review see [3] ). In particular, observation of giant Kerr nonlinearities has been predicted [4] and first measured in an ultracold gas of sodium atoms to be ∼ 10 6 greater than those in the conventional optical materials [5] . A physical realization of a Kerr nonlinear cavity enabling strong interaction of photons was suggested by Imamoǧlu et al. [6] . Also motivated by these advances, there is an increasing interest to apply the Kerr nonlinearities to quantum information purposes [7] , including the problem of generation of highly-entangled states (see [8] and references therein). The effects of decoherence on the entanglement of fields interacting via the Kerr nonlinearity have not been discussed in greater detail yet.
The paper is organized as follows. In section 2, we define the entanglement measures to be used in our description of decoherence. The model and its solution for two optical qubits in a lossy nonlinear cavity are presented in section 3. The main results concerning the decoherence of the qubits being initially in the maximally entangled states and the maximally entangled mixed states are presented in sections 4 and 5, respectively.
Entanglement measures
We will apply two measures of entanglement to analyze the effect of decoherence on the entangled qubit states. The first measure is the concurrence defined for two qubits as [9] C(ρ) = max{2 max
in terms of the square roots of the eigenvalues λ i of the matrixρ(σ 1y ⊗σ 2y )ρ * (σ 1y ⊗σ 2y ), whereσ jy is a Pauli spin matrix of the jth qubit and the asterisk denotes complex conjugation. The entanglement of formation, E F (ρ), which characterizes the amount of entanglement necessary to create the entangled state [10] , is for two qubits given by a simple monotonic function of the concurrence [9] 
where H{x} is the Shannon entropy. The entanglement of formation and, equivalently, the concurrence vanish for an unentangled state, and are equal to one for a maximally entangled state. The second measure of entanglement to be applied in this paper is the negativity [11] , which is a quantitative version of the Peres-Horodecki criterion [12] . We adopt here the following definition
where the sum is taken over the negative eigenvalues µ j of the partial transposeρ T A of the density matrixρ of the system. For two-qubit pure or mixed states, the sum in (3) can be skipped asρ T A has at most one negative eigenvalue [13] . The negativity satisfies the standard conditions for a useful measure of entanglement [14, 15] . For pure states, the negativity, defined by (3), becomes one for a MES and vanishes for an unentangled state, the same as the concurrence. The negativity is related to the entanglement of distillation, E D (ρ), defined as the amount of entanglement of a stateρ as the fraction of near-perfect Bell states, which can be distilled from multiple copies of the state by optimal manipulation under local operations and classical communication [16] . In fact, the logarithmic negativity
is an upper bound of the entanglement of distillation [15] 
for all 0 ≤ ǫ < 1, where ǫ denotes the degree of imperfection allowed in the distilled Bell states.
For an arbitrary two-qubit pure state
with the normalized complex amplitudes c ij , we have the concurrence and negativity equal to each other and given by a simple formula
However, for two qubits in a mixed state, the concurrence and negativity usually differ from each other and can be given by rather lengthy analytical formulas coming from eigenvalue problems of 4x4 matrices.
Model and its solution
Decoherence effects on optical modes (qubits) in a lossy nonlinear cavity can be described by a model of N coupled dissipative nonlinear oscillators represented by the following prototype Hamiltonian [17] ‡
) ‡ HamiltonianĤ NL is sometimes defined in the normal-ordered form ofâ † j andâ j . However, such Hamiltonian differs from ours only in terms proportional to χ jjâ † jâ j , which can be incorporated in the free HamiltonianĤ 0 , so do not affect the entanglement.
andâ j is the annihilation operator for the jth system oscillator at the frequency ω j ;b (j) k is the annihilation operator for the kth oscillator in the jth reservoir at the frequency Ω (j) k ; χ ij are the nonlinear self-coupling (for i = j) and cross-coupling (for i = j) constants proportional to a third-order susceptibility of the Kerr nonlinear medium, and g (j) k are the coupling constants of the reservoir oscillators. Dissipation of the system is modeled by its coupling to reservoirs of oscillators as described by HamiltonianĤ I . The evolution of the dissipative system under the Markov approximation is governed by the following master equation for the reduced density operatorρ in the interaction picture
wheren j are the mean thermal occupation numbers and γ j are the damping constants, which will be assumed the same, γ 1 = γ 2 ≡ γ, in the next sections. With the help of a disentangling theorem for SU(1,1) in thermofield dynamics notation, Chaturvedi and Srinivasan [18] have found a general solution of the master equation (12) both for the quiet (n j = 0) and noisy (n j > 0) reservoirs. By confining our analysis to the case of only two oscillators (N = 2) coupled to the quiet reservoirs, the Chaturvedi-Srinivasan solution for the density matrix elements m 1 , m 2 |ρ(t)|n 1 , n 2 in the photon-number basis can be written as
where
with
, and q p are binomial coefficients. In our scheme qubits can be represented by the single-cavity modes restricted in the Hilbert space spanned by vacuum and single-photon states (see, e.g., [19] ). Then, for the qubit states, solution (13) simplifies to the summations over p 1 , p 2 = 0, 1 only.
By assuming no dissipation (γ 1 = γ 2 = 0) in our system, the evolution is governed by the unitary operator exp(−iĤ NL t/h). It implies that, for the two qubits initially in a pure state (6), the concurrence and negativity evolve periodically as follows
depending on the cross-coupling χ 12 but not on the self-coupling constants χ 11 and χ 22 . One can observe that the evolution of the qubits in the nonlinear medium can lead to a periodical generation of entangled states. Even for the initial separable state
and none of the amplitudes d i is zero, the concurrence and negativity periodically become positive
which corresponds to the entanglement of up to H{ 1 2
In particular, the initial state (16) with all the amplitudes equal to 1/ √ 2, i.e.,
evolves into a maximally entangled state, defined below by (26), having exactly 1 ebit at the evolution moments t = (1 + 2n)π/(2χ 12 ) (n = 0, 1, ...). Nevertheless, the MESs are not generated if our system is subject to dissipation.
Decoherence of the maximally entangled states
Let us assume that two qubits are initially in the Bell states
which evolve in the dissipative nonlinear cavity into the following mixed stateŝ
where g = e −γt and χ i ≡ χ ii . The evolution is independent of the nonlinear crosscoupling χ 12 but depends on the self-couplings χ 1 and χ 2 . We find that the concurrence is simply given by
and the negativity is
being independent of the sign in (19) . As implied by the form of the density matrices (20) , the entanglement measures are independent of any Kerr couplings. On the other hand, the initial Bell states
evolve in our lossy system intô
Contrary toρ ψ± (t), the density matricesρ φ± (t) depend on the cross-coupling between the qubits. We find that the concurrence and negativity are the same for any evolution times and any sign in (23) as given by
in contrast to C ψ (t) and N ψ (t), given by (21) and (22), respectively, which are the same at t = 0 and t = ∞ only. There are the following important properties of the discussed entanglement decays. First, the concurrence (negativity) for the initial Bell states |ψ ± decays slower (faster) than that for |φ ± , as it holds C ψ (t) > C φ (t) and N ψ (t) < N φ (t) for any damping constants γ k > 0 (k = 1, 2) and any moments of time 0 < t < ∞. Second, contrary to the density matrices, the entanglement measures are independent of the nonlinear couplings for the initial Bell states (19) and (23) . Thus, decoherence-free evolution in the nonlinear cavity does not change the entanglement, i.e., C ψ (γ = 0, t) = N ψ (γ = 0, t) = 1. Now we will give an example of a maximally entangled two-qubit state evolving in the Kerr medium in such a way that the entanglement depends on the cross-coupling χ 12 . Let us analyze the following initial state
The state |ϕ is a MES since its concurrence and negativity are equal to one. Hereafter, we assume the cavity damping rates for both qubits to be the same, γ 1 = γ 2 ≡ γ. For brevity, we also neglect the self-couplings, χ 1 = χ 2 = 0, which do not affect the entanglement. Then the initial pure state |ϕ evolves in the Kerr medium into the mixed state described by
given, as usual, in the computational basis {|00 , |01 , |10 , |11 }, and h = (γf g − 2iχ 12 )/(γ − 2iχ 12 ), g = exp(−γt), and f = exp(2iχ 12 t). If we moreover assume no losses in the nonlinear cavity (γ = 0), then the evolution of the initial state |ϕ results in the entanglement oscillations described simply by
which is in contrast to the case of the initial Bell states |φ ± and |ψ ± , which evolve without changing their entanglements. The aperiodic decay of the entanglement for the density matrix (27) occurs only if there is no interaction between the qubits and then it is described by
where x = g(1 − g)/2. For nonzero damping and cross-coupling parameters, both the concurrence C ϕ (t) and the negativity N ϕ (t) exhibit decaying oscillations, as shown by curves (c) in figures 1 and 2, respectively. The expressions for C ϕ (t) and N ϕ (t) are quite lengthy in general case of non-zero χ 12 and γ, so we do not present them here. Instead we give approximate formulas for the envelope function of the concurrence
where x = 27 − 14g + 3g 2 , y = √ 159 − 129g + 37g 2 − 3g 3 , and z = (x + y) 2 − 9y 2 , and for the envelope of the negativity
where v = 8g 6 − 18g 5 − 93g 4 + 324g 3 − 273g 2 + 180g − 64 and w = 116g 6 − 316g 5 + 297g 4 + 930g 3 − 515g 2 + 624g + 16. Equation (32) was derived by assuming only that the cross-coupling χ 12 is much stronger than the damping constant γ, which implies that the function h in the density matrix (27) approaches unity. The envelope functions, given by (31) and (32), are depicted by curves (e) in figures 1 and 2, respectively. Another simpler but far less accurate approximation of the negativity envelope function can be given by
which was obtained by using the general properties of the eigenvalues µ i of the partial transposeρ
ϕ (t) of density matrix (27), including i µ i = 1 and i µ i = detρ
ϕ (t), and observing that there exist two eigenvalues µ i summing up approximately to zero. It is worth noting that the envelope functions, the same as those given by (31) and (32), are for the system initially in the separable state given by (18) , for whichρ(t) has the form of (27) but with the functions h and f modified as follows h = [γ(2+f g)−2iχ 12 ]/(γ−2iχ 12 ) and f = − exp(2iχ 12 t). Note also that the envelope functions (31)-(33) are independent of the cross-coupling χ 12 under assumption χ 12 ≫ γ but, even in this regime, the period of entanglement oscillations is a function of χ 12 . A closer comparison of the entanglement for the Kerr interacting and non-interacting qubits in the lossy cavity leads us to the following inequalities C env ϕ (t n ) = C ϕ (χ 12 > 0, t n ) > C ϕ (χ 12 = 0, t n ) and N env ϕ (t n ) = N ϕ (χ 12 > 0, t n ) > N ϕ (χ 12 = 0, t n ) valid for the moments of time equal to t n = nπ/χ 12 for n = 1, · · ·. By comparing the entanglement measures for the all analyzed MESs (see figures 1 and 2) we can finally conclude that
where the equalities hold for the nonzero damping constant γ at the evolution moments t = 0 and t = ∞, while for γ = 0 at any times t. Note that for small values of χ 12 in comparison to γ it holds N ϕ (χ 12 , t) ≤ N φ (t), nevertheless the last inequality in (35) is satisfied even if χ 12 ∼ γ, and more pronounced for χ 12 ≫ γ (see figure 2) , which is the condition assumed in the derivation of (31)-(33). Obviously, inequalities corresponding to (34) hold for the entanglement of formation, E F (t), and those corresponding to (35) are also valid for the upper bound of the entanglement of distillation, E N (t). The main conclusion is the following physical interpretation of inequalities (34)- (35): By enabling Kerr interactions between the qubits initially in the Bell-like state, given by (26), the loss of the entanglement can be periodically reduced. figure 1: (a) N ψ (t), (b) N φ (t), (c) N ϕ (χ 12 = 0.1, t), (d) N ϕ (χ 12 = 0, t) , and (e) N env ϕ (χ 12 = 0.1, t). 
Decoherence of the maximally entangled mixed states
We will analyze the decoherence process of the initially maximally entangled mixed states of two qubits [20, 21, 22] on the example of the Werner states [23] defined to be (1/3 < p ≤ 1):ρ
where |ψ ± and |φ ± are given by (19) and (23), respectively, andÎ 1,2 are the identity 2x2 matrices. Thus, the Werner states are mixtures of a MES (Bell state) and the maximally mixed state, given byÎ 1 ⊗Î 2 , which can be interpreted as an equal incoherent mixture of the four Bell states. It is easy to show that the concurrences and negativities of the Werner states are the same and given by
The Werner states can be considered the MEMSs since their degree of entanglement cannot be increased by any unitary operations [20] and they have the maximum of entanglement for a given linear entropy (and vice versa) [21] . In a special case of p = 1, the Werner states go over into the MESs. The evolution ofρ pψ (t) for the initial Werner state (36) in the lossy nonlinear cavity is described bŷ
being independent of the cross-coupling χ 12 , which implies that a monotonical decrease of the entanglement occurs according to
In a special case of p = 1, the above formulas simplify to (21) and (22), respectively. On the other hand, the evolution ofρ pφ (t) from the initial Werner state (37) reads aŝ
. Hence, the time evolution explicitly depends on the cross-coupling χ 12 , but in such a way that the concurrence and negativity exhibit the same monotonous decrease independent of χ 12 as follows
In a special case of p = 1, equation (42) reduces to g 2 in agreement with (25). Note that the subscript ± in C pψ , N pψ , C pφ , and N pφ has been omitted as the functions are independent of the sign in (36) and (37).
As the last example, let us assume qubits to be initially in the Werner-like state defined by (1/3 < p ≤ 1):
in terms the MES given by (26). The concurrence and negativity for (43) are equal to C pϕ (0) = N pϕ (0) = (3p − 1)/2 being the same as for the other Werner states. However, its evolution essentially differs fromρ pψ± (t) andρ pφ± (t) by exhibiting oscillations of the entanglement. In detail, it is described by the density matrix elements
given in terms of (27), but with the off-diagonal terms multiplied by p as δ ij stands for Kronecker delta. In a special case of the lossless nonlinear cavity, the entanglement of the stateρ pϕ (γ = 0, t) evolves periodically as follows
which is opposite to the time-independent evolution of the other Werner states, viz. ρ pψ± (γ = 0, t) =ρ pφ± (γ = 0, t) = const. One can conclude from (45) (see also figures 3 and 4) that by decreasing parameter p, the entanglement and the time intervals in which the states are entangled decrease. For the dissipative nonlinear cavity, the entanglement corresponding to the evolution ofρ pϕ (t) exhibits decaying oscillations shown by curves (c) in figures 3 and 4. As in the former section, we are mainly interested in the envelopes of these oscillations. In the special case of p = 1, when the initial Werner-like state goes over into the Bell-like state, the concurrence and negativity envelopes are given by (31) and (32), respectively. By assuming χ 12 ≫ γ, an approximate formula for the p-dependent envelopes of the concurrence can be given by
in terms of x p = 3G 2 + 2Gp + 11p 2 and y p = 3G 3 + G 2 (10 + 9p) + G(3 + 14p) + p(9 + 16p) where G = 2 − g. Note that (46) for p = 1 is another approximate formula of the concurrence envelope for the initial MES |ϕ , but leading to a slightly worse approximation than that given by (31). For brevity, the lengthy formula for the p -dependent negativity envelope, N env pϕ (t), generalizing equation (32), is not presented explicitly here although was used for plotting the envelope curves (c) in figure 4 . By analyzing figures 3 and 4, we conclude that C env pϕ (t n ) = C pϕ (χ 12 > 0, t n ) ≥ C pϕ (χ 12 = 0, t n ), N env pϕ (t n ) = N pϕ (χ 12 > 0, t n ) ≥ N pϕ (χ 12 = 0, t n )
at moments of time t n ≈ nπ/χ 12 (n = 1, 2, · · ·), which means that the decay of entanglement of the initially Werner-like state (43) in a lossy cavity, can be periodically retarded by inserting the Kerr nonlinearity in the cavity.
Conclusions
We have analyzed evolution of two optical modes in qubit states interacting via a Kerr nonlinearity in a lossy cavity modeled by dissipative coupled nonlinear oscillators being initially in maximally entangled pure or mixed states. We have found that for the initial Bell (|ψ ± and |φ ± ) or Bell-like (|ϕ ) states, decay of the concurrence, or equivalently the entanglement of formation, is the slowest for the initial |ψ ± and the fastest for the initial |φ ± , while the decay of the negativity, or equivalently an upper bound of the entanglement of distillation, is the slowest for the initial |ϕ (if the nonlinearity parameter is much greater than the damping constants) and the fastest for the initial |φ ± . Moreover, decoherence of the initial maximally entangled mixed states was studied on the example of three kinds of Werner(-like) states as related to the different Bell(-like) states |ψ ± , |φ ± and |ϕ . Our analytical and numerical results show the differences and similarities of the negativity and concurrence decays of the Werner(-like) states in comparison to the Bell(-like) states. We have demonstrated that by inserting the Kerr nonlinear medium, described by Hamiltonian (10), into the lossy cavity, evolution of the initial Bell states |ψ ± or |ψ ± and the corresponding Werner states is changed but in such a way that the entanglement decays in the same manner as without the nonlinear medium. However, if the qubits placed in a lossy cavity are initially in the Bell-like state |ϕ or the corresponding Wernerlike state, the loss of entanglement can be periodically delayed (partially recovered) by inserting the Kerr nonlinear medium.
